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a b s t r a c t
In this paper, we use the q-Chu–Vandermonde formula to derive a recurring q-integral
formula. Someapplications of the recurring q-integral formula are also given,which include
deriving the 3φ2 representation of the Al-Salam–Carlitz polynomials and the extension of
the terminating Sears’ 3φ2 transformation formula.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and statement of result
We first recall some definitions, notations and known results in [1,2] which will be used in this paper. Throughout the
paper, it is supposed that 0 < |q| < 1. The q-shifted factorials are defined as
(a; q)0 = 1, (a; q)n =
n−1∏
k=0
(1− aqk), (a; q)∞ =
∞∏
k=0
(1− aqk). (1.1)
We also adopt the following compact notation for multiple q-shifted factorials:
(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n, (1.2)
where n is an integer or∞.
In 1846, Heine introduced the r+1φr basic hypergeometric series, which is defined by
r+1φr
(
a1, a2, . . . , ar+1
b1, b2, . . . , br
; q, x
)
=
∞∑
n=0
(a1, a2, . . . , ar+1; q)nxn
(q, b1, b2, . . . , br; q)n . (1.3)
F.H. Jackson defined the q-integral by [3]∫ d
0
f (t)dqt = d(1− q)
∞∑
n=0
f (dqn)qn, (1.4)
and ∫ d
c
f (t)dqt =
∫ d
0
f (t)dqt −
∫ c
0
f (t)dqt. (1.5)
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The following is the Andrews–Askey integral [4] which can be derived from Ramanujan’s 1ψ1:∫ d
c
(qt/c, qt/d; q)∞
(at, bt; q)∞ dqt =
d(1− q)(q, dq/c, c/d, abcd; q)∞
(ac, ad, bc, bd; q)∞ , (1.6)
provided that there are no zero factors in the denominator of the integrals.
TheAndrews–Askey integral is an important formula in basic hypergeometric series. In [5], the author give amore general
integral formula with applications. As we know, recurring formula is useful to calculate integrals. This is also true in the
area of q-integrals. In this paper, we give a recurring q-integral formula. Combined with the Andrews–Askey integral, this
recurring q-integral formula can be used to calculate some q-integrals. The main result is the following theorem:
Theorem 1.1. For any nonnegative integer m, we have∫ t
s
(qω/s, qω/t; q)∞
(aω, bω; q)∞
m+1∏
i=1
Pni(ω, di) dqω
= (dm+1a; q)nm+1
anm+1
nm+1∑
k=0
(q−nm+1; q)kqk
(q, dm+1a; q)k
∫ t
s
(qω/s, qω/t; q)∞
(aωqk, bω; q)∞
m∏
i=1
Pni(ω, di) dqω, (1.7)
provided that there are no zero factors in the denominator of the integrals. Where
P0(a, b; q) = 1, Pn(a, b; q) = (a− b)(a− bq) · · · (a− bqn−1), n ≥ 1.
2. The proof of Theorem 1.1
In this section, we use the q-Chu–Vandermonde formula [1,2] to prove Theorem 1.1.
Proof. Recall the q-Chu–Vandermonde convolution formula
2φ1
(
q−n, a
c
; q, q
)
= a
n(c/a; q)n
(c; q)n . (2.1)
By the following relation
(a; q)k = (a; q)∞
(aqk; q)∞ , (2.2)
(2.1) can be written as
n∑
k=0
(q−n; q)kqk
(q, c; q)k
1
(aqk; q)∞ =
an
(c; q)n
(c/a; q)n
(a; q)∞ . (2.3)
If we let a = aω in (2.3) and multiply the Eq. (2.3) by
(qω/s, qω/t; q)∞
(bω; q)∞
m∏
i=1
Pni(ω, di),
then we obtain
n∑
k=0
(q−n; q)kqk
(q, c; q)k
(qω/s, qω/t; q)∞
(aωqk, bω; q)∞
m∏
i=1
Pni(ω, di) =
an
(c; q)n
(qω/s, qω/t; q)∞Pn(ω, c/a)
(aω, bω; q)∞
m∏
i=1
Pni(ω, di). (2.4)
Taking the q-integral on both sides of (2.4) with respect to variable ω, we have
n∑
k=0
(q−n; q)kqk
(q, c; q)k
∫ t
s
(qω/s, qω/t; q)∞
(aωqk, bω; q)∞
m∏
i=1
Pni(ω, di) dqω
= a
n
(c; q)n
∫ t
s
(qω/s, qω/t; q)∞Pn(ω, c/a)
(aω, bω; q)∞
m∏
i=1
Pni(ω, di) dqω. (2.5)
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Letting n = nm+1, c = dm+1a gives
nm+1∑
k=0
(q−nm+1; q)kqk
(q, dm+1a; q)k
∫ t
s
(qω/s, qω/t; q)∞
(aωqk, bω; q)∞
m∏
i=1
Pni(ω, di) dqω
= a
nm+1
(dm+1a; q)nm+1
∫ t
s
(qω/s, qω/t; q)∞
(aω, bω; q)∞
m+1∏
i=1
Pni(ω, di) dqω, (2.6)
which can be written as (1.7). 
3. Some applications
In this section, we give some applications of (1.7). First, we demonstrate how to use the recurring formula (1.7) to
calculate the q-integrals.
Lettingm = 0 in (1.7) and applying Andrews–Askey integral (1.6) gives
Theorem 3.1. We have∫ t
s
(qω/s, qω/t; q)∞Pn1(ω, d1; q)
(aω, bω; q)∞ dqω
= t(1− q)(d1a; q)n1(q, tq/s, s/t, abst; q)∞
an1(as, at, bs, bt; q)∞ 3φ2
(
as, at, q−n1
d1a, abst
; q, q
)
, (3.1)
provided that there are no zero factors in the denominator of the integrals.
Lettingm = 1 in (1.7) and applying (3.1) gives
Theorem 3.2. We have∫ t
s
(qω/s, qω/t; q)∞Pn1(ω, d1; q)Pn2(ω, d2; q)
(aω, bω; q)∞ dqω
= t(1− q)(d2a; q)n2(q, tq/s, s/t, abst; q)∞
an1+n2(as, at, bs, bt; q)∞
×
n2∑
k=0
(q−n2 , as, at; q)k(d1aqk; q)n1qk(1−n1)
(q, d2a, abst; q)k 3φ2
(
asqk, atqk, q−n1
d1aqk, abstqk
; q, q
)
, (3.2)
provided that there are no zero factors in the denominator of the integrals.
Lettingm = 2 in (1.7) and applying (3.2) gives
Theorem 3.3. We have∫ t
s
(qω/s, qω/t; q)∞Pn1(ω, d1; q)Pn2(ω, d2; q)Pn3(ω, d3; q)
(aω, bω; q)∞ dqω
= t(1− q)(d3a; q)n3(q, tq/s, s/t, abst; q)∞
an1+n2+n3(as, at, bs, bt; q)∞
n3∑
k=0
{
(q−n3 , as, at; q)k(d2aqk; q)n2qk(1−n1−n2)
(q, d3a, abst; q)k
×
n2∑
l=0
(q−n2 , asqk, atqk; q)l(d1aql+k; q)n1ql(1−n1)
(q, d2aqk, abstqk; q)l 3φ2
(
asql+k, atql+k, q−n1
d1aql+k, abstql+k
; q, q
)}
, (3.3)
provided that there are no zero factors in the denominator of the integrals.
Using the same way, we can get more q-integrals. Next, we give summation formulas about the Al-Salam–Carlitz
polynomials. The Al-Salam–Carlitz polynomials ϕ(a)n (x|q) is defined as [6]
ϕ(a)n (x|q) =
n∑
k=0
[
n
k
]
xk(a; q)k, (3.4)
which has the following q-integral representation [7]
ϕ(a)n (x|q) =
(ax, a; q)∞
(1− q)(q, q/x, x; q)∞
∫ 1
x
(qt/x, qt; q)∞tn
(at; q)∞ dqt, (3.5)
provided that no zero factors occur in the denominator.
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The Al-Salam–Carlitz polynomials play an important role in the theory of orthogonal polynomials.
Lettingm = 1, b = d1 = d2 = 0, s = x and t = 1 in (1.7) and applying (3.5) gives
Theorem 3.4. For any nonnegative integers n1 and n2, we have
n2∑
k=0
(q−n2 , a, ax; q)kqk
(q; q)k ϕ
(aqk)
n1 (x|q) = an2ϕ(a)n1+n2(x|q). (3.6)
Letting n1 = 0 in (3.6), we get
ϕ(a)n2 (x|q) =
1
an2 3
φ2
(
a, ax, q−n2
0, 0
; q, q
)
, (3.7)
which is the 3φ2 representation of the Al-Salam–Carlitz polynomials.
Finally, using the symmetry of the left hand side of (1.7), we can easily get some transformation formulas. For example,
the following transformation formulas for 3φ2 are true.
Theorem 3.5. We have
n3∑
k=0
{
(q−n3 , as, at; q)k(d2aqk; q)n2qk(1−n1−n2)
(q, d3a, abst; q)k
×
n2∑
l=0
(q−n2 , asqk, atqk; q)l(d1aql+k; q)n1ql(1−n1)
(q, d2aqk, abstqk; q)l 3φ2
(
asql+k, atql+k, q−n1
d1aql+k, abstql+k
; q, q
)}
= (d3b; q)n3
(d3a; q)n3
(a
b
)n1+n2+n3 n3∑
k=0
{
(q−n3 , bs, bt; q)k(d2bqk; q)n2qk(1−n1−n2)
(q, d3b, abst; q)k
×
n2∑
l=0
(q−n2 , bsqk, btqk; q)l(d1bql+k; q)n1ql(1−n1)
(q, d2bqk, abstqk; q)l 3φ2
(
bsql+k, btql+k, q−n1
d1bql+k, abstql+k
; q, q
)}
, (3.8)
provided that there are no zero factors in the denominator of the integrals.
Proof. The left hand side of (3.3) is symmetric in a and b, so is right. Interchanging a and b in (3.3) gives (3.8). 
We want to point out that (3.8) have some important special cases. For example, we have
Corollary 3.6 (The Terminating Sears’ 3φ2 Transformation Formula).
3φ2
(
a1, a2, q−n
b1, b2
; q, q
)
= (b1b2/a1a2; q)n
(b2; q)n
(
a1a2
b1
)n
3φ2
(
b1/a1, b1/a2, q−n
b1, b1b2/a1a2
; q, q
)
. (3.9)
Proof. Setting n1 = n2 = 0, n3 = n in (3.8), we find that
3φ2
(
as, at, q−n
d3a, abst
; q, q
)
= (d3b; q)n
(d3a; q)n
(a
b
)n
3φ2
(
bs, bt, q−n
d3b, abst
; q, q
)
. (3.10)
Replacing (as, at, abst, d3a) by (a1, a2, b1, b2), we obtain (3.9). 
Identity (3.9) can be found in ([8], p. 125, Eq. 2.18), which is used there to prove Sears’ 4φ3 transformation formula [8,9].
Theorem 3.7. We have
n3∑
k=0
{
(q−n3 , as, at; q)k(d2aqk; q)n2qk(1−n1−n2)
(q, d3a, abst; q)k
×
n2∑
l=0
(q−n2 , asqk, atqk; q)l(d1aql+k; q)n1ql(1−n1)
(q, d2aqk, abstqk; q)l 3φ2
(
asql+k, atql+k, q−n1
d1aql+k, abstql+k
; q, q
)}
= (d1a; q)n1
(d3a; q)n3
n1∑
k=0
{
(q−n1 , as, at; q)k(d2aqk; q)n2qk(1−n3−n2)
(q, d1a, abst; q)k
×
n2∑
l=0
(q−n2 , asqk, atqk; q)l(d3aql+k; q)n3ql(1−n3)
(q, d2aqk, abstqk; q)l 3φ2
(
asql+k, atql+k, q−n3
d3aql+k, abstql+k
; q, q
)}
, (3.11)
provided that there are no zero factors in the denominator of the integrals.
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Proof. It is easy to see that the left hand side of (3.3) is symmetric in (n1, d1), (n2, d2) and (n3, d3). Interchanging (n1, d1)
and (n3, d3) in (3.3) gives (3.11). 
Similarly, interchanging (n2, d2) and (n3, d3) in (3.3), one can get another transformation formula.
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